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The Fermi surface (FS), related to many material 
properties such as transport, optical and equilibrium 
properties, is also responsible for some exotic phenom-
ena. Experimentally, it can be studied by techniques 
based on periodic oscillations of various physical 
quantities in a magnetic field [27] and “non-magnetic” 
methods as Compton scattering [6], angular correlation 
of annihilation radiation (ACAR) [5], and angle-resolved 
photoemission spectroscopy (ARPES) [7]. Whereas 
magnetic methods (as e.g. dHvA effect) allow to estimate 
only some quantities related to FS (e.g. area of extremal 
electron orbits or an effective mass), ACAR, ARPES or 
Compton scattering spectra (measured at arbitrary tem-
peratures and often also in magnetic field [26, 32]) yield 
information on the shape of FS in the whole reciprocal 
space [8, 15]. 

ACAR and Compton scattering experiments probe 
an electron density ρ(p) in the extended p-space 

(1) 

which contains information not only on the occupied 
momentum states (and hence FS) but also on the 
Umklapp components (see Fig. 1) of the electron wave 
functions ψkj(r) in the state k of j-th band. The main 
difference between these two experiments consists 
in the fact that in the Compton scattering plane projec-
tions of electron momentum densities are measured 
while in the case of ACAR spectra, the electron-posi-
tron (e-p) momentum densities, ρe-p(p) (ψkj(r) in Eq. (1) 
represents e-p wave functions), either via plane or line 
projections (one-dimensional, 1-D, or two-dimensional, 
2-D, spectra). By measuring spectra along different 
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directions, 3-D (three-dimensional) densities ρ(p), 
directly related to the electron Bloch wave function, 
can be reconstructed from experiment [15]. 

Taking into account the complexity of a many-body 
problem of electrons and a positron moving within a lat-
tice potential, almost all interpretations of experimental 
ACAR data are performed only from the point of view 
of the FS studies. In order to obtain the contour of FS, 
the best way is to fold ρ(p) from the extended zone p 
into the reduced momentum space via the LCW (Lock, 
Crisp, West) folding [20] getting 

(2)  

where k denotes vectors in the first Brillouin zone, G 
means the reciprocal lattice vector, nj = {1,0} is the 
occupation number modified by a function fj(k) which 
contains both many-body and positron wave function 
effects (in the case of Compton scattering fj(k) = 1). 

However, due to the finite resolution of an equip-
ment, it can happen that there is no possibility to 
separate from ρ(k) some FS sheets when they are close 
one to another. In the p space, they are separated in 
a natural way because their contribution appears for 
different reciprocal lattice vectors G (so-called sym-
metry selection rules [11]). Such situation takes place, 
e.g. in yttrium, where k space analysis of the densities 
reconstructed from 2-D ACAR data [10] allowed to get 
the shape and size of the so-called webbing FS, though 
without separating their elements in the 3rd and the 
4th zones. Further interpretation of the same data but 
in terms of ρ(p) allowed to separate these two FSs and 
to determine some Fermi momenta pF [17]. 

Almost all theoretical calculations of electronic 
structure of trivalent hcp (hexagonal close packing) 
yttrium, e.g. [21, 24] and references in [17]) deliver 
the same FS topology: the first two bands are fully 
occupied and the FS exists in the 3rd and 4th bands. 
The 3rd valence band does not contribute to ρ(p = 
k + G) for G = (000), (i.e. along ΓM) but it does for 
G = (001) (along Γ’M’) while the 4th band has a domi-
nant contribution on the first basal ΓMK plane. Due 

to such properties of ρ(p), it was possible to separate 
these two FS by drawing a zero contour of differences 
between the deconvoluted and raw densities, similarly 
as in Fig. 5 in Ref. [10]. Such a way of finding pF (explained 
in Fig. 1 in Ref. [9]) is demonstrated here in Fig. 2 by 
the intersection of two lines which simulate raw (lines 
with open circles) and deconvoluted (lines with full 
circles) experimental data. As it is seen, this method 
works very well in the case of the 4th band (Fig. 2c). 
Unfortunately, it is not the case when densities have such 
shape as shown in the part (b), i.e. after crossing the FS 
ρ(p) is rapidly decreasing. However, making such tests 
for theoretical densities as shown in Fig. 2 (smearing 
them by a few Gaussian distributions) one can estimate 
corrections which should be introduced in order to de-
termine pF from experimental densities. 

A similar situation took place in LaB6 [16]. Only 
from ρ(p) (reconstructed from 2-D ACAR data) in the 
extended zone it was possible to derive a small electron 
pocket in the 15th band along ΓM line (see white square 
ΓXMX in Fig. 3), not seen earlier by the analysis of the 

Fig. 1. 2-D ACAR experimental spectrum for the hexagonal 
α-quartz in the momentum range – 2 up to 2 atomic units of mo-
mentum. It represents integration of a density ρe-p(p), containing 
both central peak and Umklapp components, along directions 
parallel to the hexagonal c-axis (more details in [15]). 

Fig. 2. Theoretical Fermi surface in Y on the ΓMLA plane 
(part (a)), in the repeated zone scheme, derived from Loucks 
[21]. Electrons in the 3rd and 4th zones are marked by grey 
and white colours, respectively. Theoretical densities ρ(p) 
along ΓM on the first basal plane and along Γ’M’ on the 
parallel plane are drawn by the solid line in the parts (c) and 
(b), respectively. Fermi momenta pF for the 3rd and 4th bands 
are marked by arrows. Lines with full and open circles show the 
theoretical ρ(p) after smearing by two Gaussians, simulating 
the raw and deconvoluted experimental data.

Fig. 3. Densities in the extended p space on the plane (001) 
in LaB6 reconstructed from 2-D ACAR spectra: a – free-
-electron sphere containing 27 electrons with the radius of the 
momentum 1.18 a.u.; b – anisotropic part of the reconstructed 
ρ(p) [16]. They are shown with the Brillouin zone boundaries 
drawn in the repeated zone scheme. 
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same 2-D ACAR data in the k space [3]. This pocket, 
observed in dHvA experiments [23, 29, 30], also appear 
in the latest band structure results [12]. Moreover, 
the isotropic average of reconstructed densities ρ0(p), 
forms a sphere whose volume equals 13.5 volumes of 
the Brillouin zone that contains 27 valence electrons. 
Sometimes such information concerning the number 
of valence electrons, available only in the p space, is 
very important. 

The next physical phenomena that should be studied 
in the extended zone are many-body effects [1, 2, 4, 14, 
25, 28]. Of course, they can be studied in the reduced 
zone, as it has been proposed lately in Ref. [19], but 
their understanding is possible only in the p space 
because they are connected with wave functions what 
is discussed in detail in Ref. [18]. Moreover, as shown 
by Šob [31], even in such simple metals as alkalis, in 
particular in Rb and Cs, the contribution of Umklapp 
components is relatively high (up to 25%). Since some 
theories of the e-p interactions give similar behaviour of 
densities inside the central FS but differ completely in 
the Umklapp region [28], these facts constitute a basis 
for further theoretical investigations of e-p interaction 
in solids, however, in the p space. 

It is also clear that a reconstruction of 3-D densi-
ties from their projections should be carried out in the 
extended zone, although it was also applied to experi-
mental projections brought to the zone k [22]. It can 
be simply illustrated by the example of free-electron 
FS of divalent hcp metal (i.e. containing 2 electrons/
atom what in the case of hcp structure corresponds to 
4 electrons/unit cell), displayed in Fig. 4. 

When reconstruction is performed in the p space, for 
fully isotropic densities only one projection is needed. 
Otherwise, after conversion from p into k space, the 
corresponding spherical FS consists of the following 
elements: the 1st zone holes around H, the 2nd zone 
holes (so-called monster), 3rd zone electrons around: 
L (butterflies), Γ (lens), K (called either needles or 
cigars), and the 4th zone electron pockets around L. 
So, the reconstruction of such a complex FS where 
ρ(k) is changing from 0 (holes in the first zone) up to 
4 (electrons in the 4th zone) needs a lot of projections. 
Therefore, as the first step the reconstruction of ρ(p) 
is needed and then performing LCW folding, if it is 
necessary. 

Summarizing 

A purpose of this work is to draw attention to the fact 
that electron momentum densities in the extended mo-
mentum space, so directly related to wave functions, can 
be obtained by performing ACAR and Compton scat-
tering experiments. This allows to study not only the FS 
but also Umklapp components or, e.g. orbital character 
of dopants, studied lately with high-resolution Compton 
scattering in a cuprate superconductor [13] or many body 
correlation effects. Such unique information cannot be 
obtained using other techniques of the FS studies as well 
as without analysis of experimental ACAR or Compton 
scattering data in the extended p zone. 
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